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Abstract
It is well known that one can define a consistent theory of extended, N = 2 anti-de
Sitter (AdS) Supergravity (SUGRA) in D = 4. Besides the standard gravitational part
(including negative cosmological constant), this theory involves a single U(1) gauge
field and a pair of Majorana vector-spinors that can be combined to form a pair of
Dirac vector-spinors (charged spin-3/2 gravitini). The action for N = 2 AdS4 SUGRA
is invariant under SO(1, 3) × U(1) gauge transformations, and under local complex
SUSY. We present a geometric action that involves two “inhomogeneous” parts: an
orthosymplectic OSp(4|2) gauge-invariant action of the Yang-Mills type, and a supple-
mentary action invariant under purely bosonic SO(2, 3)×U(1) ∼ Sp(4)×SO(2) sector
of OSp(4|2), that needs to be added for consistency. This action reduces to N = 2
AdS4 SUGRA after suitable gauge fixing, for which we use a constrained auxiliary field
in the manner of Stelle and West. Canonical (θ-constant) deformation is performed by
using the Seiberg-Witten approach to noncommutative (NC) gauge field theory with
the Moyal ⋆-product. The NC-deformed action is expanded in powers of the deforma-
tion parameter θµν , up to the first order. We show that N = 2 AdS4 SUGRA has
non-vanishing linear NC correction in the physical gauge, originating from the addi-
tional, purely bosonic action. For comparison, simple N = 1 Poinacare´ SUGRA can
be obtained in the same manner from an OSp(4|1) gauge-invariant action (without in-
troducing any additional terms). The first non-vanishing NC correction is quadratic in
the deformation parameter θµν , and therefore exceedingly difficult to calculate. Under
Wigner-Ino¨nu¨ contraction, N = 2 AdS superalgebra reduces to N = 2 Poincare´ super-
algebra, and it is not clear whether this relation holds after canonical NC deformation.
We present the linear NC correction to N = 2 AdS4 SUGRA explicitly, discuss its
low-energy limit, and what remains of it after Wigner-Ino¨nu¨ contraction.
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1 Introduction
In our quest for the theory of “Quantum Gravity”, we must be prepared to go beyond
some deeply rooted assumptions on which we are accustomed, in particular, at very short
distances (very high energies) we might have to abandon the notion of a continuous space-
time and the associated mathematical concept of a smooth manifold that describes it. One
distinguished approach to the problem is Noncommutative (NC) Field Theory - a theory
of relativistic fields on noncommutative space-time, based on the method of deformation
quantization by NC ⋆-product [1–3]. One speaks of a deformation of an object/structure
whenever there is a family of similar objects/structures whose “distortion” from the original,
“undeformed” one, can be somehow parametrized. In physics, this so-called deformation
parameter appears as some fundamental constant of nature that measures the deviation
from the classical (i.e. undeformed) theory. This way of “quantizing” space-time is essen-
tially different from the standard QFT quantization procedure for matter fields. Different
space-time dimensions (the usual 3+ 1) are regarded as being mutually “incompatible”, in
a sense that there exist a lower bound for the product of uncertainties ∆xµ∆xν for a pair
of two different coordinates. To capture this “pointlessness” of space-time, one introduces
an abstract algebra of NC coordinates as a deformation of the classical structure. These
NC coordinates, denoted by xˆµ, satisfy some non-trivial commutation relations, and so, it
is no longer the case that xˆµxˆν = xˆν xˆµ. Abandoning this basic property of space-time leads
to various new physical effects that were not present in theories based on classical space-
time. The simplest case of noncommutativity is the so-called canonical (or θ-constant)
noncommutativity,
[xˆµ, xˆν ] = iθµν ∼ Λ2NC , (1.1)
where θµν are components of a constant antisymmetric matrix, and ΛNC is the length scale
at which NC effects become relevant. Deformation parameter is a fundamental constant,
like the Planck length or the speed of light.
Instead of deforming abstract algebra of coordinates one can take an alternative, but
equivalent approach in which noncommutativity appears in the form of NC products of
functions (fields) of commutative variables (coordinates). These products are called star
products (⋆-products). In particular, to establish canonical noncommutativity, we use the
Moyal ⋆-product,
(fˆ ⋆ gˆ)(x) = e
i
2
θµν ∂
∂xµ
∂
∂yν f(x)g(y)|y→x . (1.2)
The leading term in the expansion of the exponential is the ordinary commutative product
of functions, and the higher order terms represent NC (non-classical) corrections.
Up to date, we still lack direct physical evidence of Supersymmetry (SUSY), at least in
its simplest form. Nevertheless, its beneficial influence on high-energy physics (improved
renormalizability in QFT and a natural resolution of the hierarchy problem), along with
its mathematical consistency and unification power (especially unification of gravity and
the Standard Model within Supergravity (SUGRA), and ultimate unification scheme such
as Superstring theory), motivate us to seriously consider SUSY as an integral part of our
description of nature. Since the pioneering work of Freedman, van Nieuwenhuizen and
Ferrara [4, 5], and Deser and Zumino [6], the theory of supergravity has become a well-
developed field of research. SUGRA provides a natural unification of gravity with other
fields by imposing gauge principle on SUSY, the associated gauge field being the spin-3/2
gravitino field described by a Majorana vector-spinor. It was demonstrated in [7, 8] that
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one can have a consistent theory of extended N = 2 AdS4 SUGRA with complex (U(1)-
charged) gravitino field. In this paper, we propose a geometric way of obtaining N = 2
AdS4 SUGRA action and perform its NC deformation. The obtained NC correction can
be regarded as a low-energy signature of the underlying theory of quantum gravity. We
calculate the correction explicitly and discuss some of its properties.
The results of this paper amount to a supersymmetric extension of the theory of NC
gravity whose various aspects have been treated extensively in the literature [9–23]. In
particular, an approach based on NC-deformed AdS gauge group SO(2, 3) is developed in
[24–27], building on the results of MacDowell and Mansouri [28], Towsend [29], Stelle and
West [30], Mukhanov and Chamseddine [31, 32] and Wilczek [33]. One starts with a classical
(undeformed) action invariant under SO(2, 3) gauge transformations. To relate AdS gauge
theory with GR, original SO(2, 3) gauge symmetry has to be broken to SO(1, 3), by gauge
fixing. For that matter, a constrained auxiliary field is introduced, as in [30], to define the
physical gauge. Spin-connection and vierbein are treated on equal footing, as components
of the general SO(2, 3) gauge field. The SO(2, 3) gauge-invariant action is deformed by
introducing Moyal ⋆-product, and expanded in powers of θµν via Seiberg-Witten (SW) map
[34–37]. After symmetry breaking, one obtains NC corrections to classical gravity, invariant
under SO(1, 3) gauge transformations. The first order NC correction vanishes as confirmed
by [38]. The second-order NC correction to GR is found explicitly, and deformed equations
of motion are analyzed. It is argued that apparent breaking of diffeomorphism invariance
stems from the fact that, by introducing the canonical anti-commutation relations between
space-time coordinates (1.1), we implicitly set ourselves in a preferred coordinate system -
the Fermi inertial frame along a geodesic [39–41].
Similarly, one can establish NC SUGRA by gauging an appropriate supergroup [42–50]
and subsequently performing canonical deformation. Since pure gravity can be obtained
by gauging AdS group SO(2, 3), orthosymplectic supergroup OSp(4|1) appears as a nat-
ural choice for pure N = 1 Poincare´ SUGRA. Bosonic sector of osp(4|1) superalgebra -
symplectic algebra sp(4) - is isomorphic to AdS algebra so(2, 3) that reduces to Poincare´
algebra under Wigner-Ino¨nu¨ contraction [51]. The subject of NC SUGRA has been treated
in [52, 53]. Classical action for OSp(4|1) SUGRA presented in [53] is manifestly invariant
under OSp(4|1) gauge transformations, and we will use it as a motivation. However, to
obtain explicit NC deformation of this action is exceedingly difficult, because the first non-
vanishing NC correction is quadratic in θµν. Taking a lesson from [54–56] that inclusion of
Dirac spinors coupled to U(1) gauge field produces (much simpler) linear NC correction,
we will make a transition to OSp(4|2) SUGRA that involves a pair of Majorana spinors
that can be mixed into a pair of charged spin-3/2 gravitini coupled to U(1) gauge field.
We present a geometric action that consists of two “inhomogeneous” parts: an OSp(4|2)
gauge-invariant action of the Yang-Mills type, and a supplementary action, invariant under
purely bosonic SO(2, 3) × U(1) sector of OSp(4|2), that has to be included in order to
obtain complete N = 2 AdS4 SUGRA at the classical level; this additional bosonic term
produces a non-trivial linear NC correction to N = 2 AdS4 SUGRA, after deformation.
In Section 2, we introduce undeformed geometric action for OSp(4|2) SUGRA and make
comparison with the similar action for OSp(4|1) SUGRA. In Section 3, we perform NC de-
formation by using the Seiberg-Witten approach, and study the first order NC correction to
N = 2 AdS4 SUGRA. Section 4 contains discussion and proposals for further investigation.
Appendices A and B contain supplementary material.
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2 Classical Orthosymplectic SUGRA
We consider two classical (i.e. undeformed) SUGRA models based on orthosymplectic
OSp(4|N) gauge group: the simple N = 1 AdS4 SUGRA, describing pure supergravity with
the negative cosmological constant, and the extended N = 2 AdS4 SUGRA that involves
also a pair of charged gravitini fields coupled to U(1) gauge field. We focus our attentions on
the latter (N = 2), since the former (N = 1) has been treated extensively in [53], including
its NC deformation, and we discuss it just for comparison. Some significant differences of
the two models in question are manifested already at the level of their classical actions, and
this reflects drastically on the structure of their NC corrections after deformation.
2.1 Classical OSp(4|2) SUGRA
Orthosymplectic group OSp(4|2) has 19 generators, and they are of two kinds - bosonic
and fermionic. Ten bosonic generators MˆAB = −MˆBA (A,B = 0, 1, 2, 3, 5) span AdS Lie
algebra so(2, 3) (symmetry algebra of AdS4),
[MˆAB , MˆCD] = i(ηADMˆBC + ηBCMˆAD − ηACMˆBD − ηBDMˆAC) , (2.1)
where ηAB is flat 5D metric with signature (+,−,−,−,+). By splitting this set of generators
into six Mˆab AdS rotation generators (a, b = 0, 1, 2, 3) and four AdS translation generators
Mˆa5, we can recast so(2, 3) algebra in a more explicit form:
[Mˆa5, Mˆb5] = −iMˆab ,
[Mˆab, Mˆc5] = i(ηbcMˆa5 − ηacMˆb5) ,
[Mˆab, Mˆcd] = i(ηadMˆbc + ηbcMˆad − ηacMˆbd − ηbdMˆac) . (2.2)
If we introduce a new set of generators (Mˆab, Pˆa) defined by Mˆab := Mˆab and Pˆa :=
l−1Mˆa5 = αMˆa5, where l is a length scale related to AdS radius and α = l−1 (we will use
both parameters in the following formulae), the algebra (2.2) transforms into:
[Pˆa, Pˆb] = −iα2Mˆab ,
[Mˆab, Pˆc] = i(ηbcPˆa − ηacPˆb) ,
[Mˆab,Mˆcd] = i(ηadMˆbc + ηbcMˆad − ηacMˆbd − ηbdMˆac) . (2.3)
In the limit α→ 0 (or l →∞), AdS algebra reduces to Poincare´ algebra, in particular, we
obtain [Pˆa, Pˆb] = 0 with all other commutators left unchanged. This is a famous example
of the Wigner-Ino¨nu¨ (WI) contraction, the contraction parameter being α (or l). This Lie-
algebra contraction (or deformation) can be extended to AdS superalgebra, and we will be
interested, later on, in its effect on the NC correction of N = 2 AdS4 SUGRA.
A representation of the AdS sector of osp(4|1) superalgebra can be obtained by using 5D
gamma matrices ΓA satisfying Clifford algebra {ΓA,ΓB} = 2ηAB ; the AdS generators MˆAB
are represented by 6 × 6 super-matrices, that reduce to 4 × 4 matrices MAB = i4 [ΓA,ΓB ]
in the AdS subspace, see Appendix A. One choice of Γ-matrices is ΓA = (iγaγ5, γ5), where
γa are the usual 4D γ-matrices. In this particular representation, the components of MAB
are given by Mab =
i
4 [γa, γb] =
1
2σab and Ma5 = −12γa.
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The ten AdS bosonic generators MAB are accompanied by eight independent fermionic
generators QˆIα, with spinor index α = 1, 2, 3, 4 and SO(2) index I = 1, 2, comprising a
pair of Majorana spinors, and one additional bosonic generator Tˆ related to SO(2) ∼ U(1)
extension. Together, they satisfy osp(4|2) superalgebra (consistency requires that fermionic
generators QˆIα transform as components of an AdS Majorana spinor):
[MˆAB , MˆCD] = i(ηADMˆBC + ηBCMˆAD − ηACMˆBD − ηBDMˆAC) ,
[MˆAB , Qˆ
I
α] = −(MAB) βα QˆIβ ,
{QˆIα, QˆJβ} = −2δIJ (MABC−1)αβMˆAB − iεIJCαβTˆ ,
[Tˆ , QˆIα] = −iεIJQˆIα , (2.4)
with antisymmetric tensor εIJ , ε12 = 1. Matrix C−1 is the inverse of the charge-conjugation
matrix (spinor metric) for which we use the following representation given in terms of Pauli
matrices: C = −σ3 ⊗ iσ2, and Cαβ = −Cβα. Numerically we have C−1 = −C, but the
index structure of the two is different since Cαγ(C
−1)γβ = δβα. More visually,
C =

0 −1
1 0
02×2
02×2
0 1
−1 0
 . (2.5)
An explicit matrix representation of osp(4|2) superalgebra is given in Appendix A.
By introducing a new set of (re-scaled) generators {Mˆab := Mˆab, Pˆa := αMˆa5, QˆIα :=√
αQˆIα, Tˆ := αTˆ} we can recast the osp(4|2) superalgebra (2.4) into the following form:
[Pˆa, Pˆb] = −iα2Mˆab ,
[Mˆab, Pˆc] = i(ηbcPˆa − ηacPˆb) ,
[Mˆab,Mˆcd] = i(ηadMˆbc + ηbcMˆad − ηacMˆbd − ηbdMˆac) ,
[Pˆa, QˆIα] = −α(Ma5) βα QˆIβ ,
[Mˆab, QˆIα] = −(Mab) βα QˆIβ ,
[Tˆ , QˆIα] = −iεIJQˆIα ,
{QˆIα, QˆJβ} = −2δIJα(MabC−1)αβMˆab − 2δIJ (Ma5C−1)αβPˆa − iεIJCαβ Tˆ . (2.6)
Under WI contraction α→ 0 it reduces to N = 2 Poincare´ superalgebra.
Orthosymplectic supergroup OSp(2n|m) (symplectic sector is always even-dimensional)
consists of those super-matrices U that preserve the graded metric
G =
(
Σαβ 02n×m
0m×2n ∆ij
)
, (2.7)
with some real 2n × 2n matrix Σαβ = −Σβα, and some real m × m matrix ∆ij = ∆ji.
Considering only infinitesimal transformations U = 1+ ǫM , generated by some osp(2n|m)-
valued supermatrix
M =
(
A B
C D
)
, (2.8)
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(bosonic blocks A2n×2n and Dm×m have ordinary commuting entries, and fermionic blocks
B2n×m and Cm×2n have Grassmann-valued entries), the defining relation becomes
MSTG+GM = 0 . (2.9)
Super-transpose, super-hermitian adjoint and super-trace are defined by imposing the stan-
dard rules (MN)ST = NSTMST , (MN)† = N †M † and STr(MN) = STr(NM),
MST =
(
AT CT
−BT DT
)
, M † =
(
A† C†
B† D†
)
, STr(M) = Tr(A)− Tr(D) . (2.10)
Now, the key observation is that a pair of Majorana fields χIµ (describing a pair of
neutral spin-3/2 gravitini) constitute the fermionic sector of the osp(4|2) connection super-
matrix Ωµ. We can expand this super-connection over the basis {Mˆab, Mˆa5, QˆIα, Tˆ} with
the corresponding gauge fields {ω abµ , ω a5µ , χ¯Iµ, Aµ}, as
Ωµ =
1
2
ω abµ Mˆab + ω
a5
µ Mˆa5 + (χ¯
I
µ)
αQˆIα +AµTˆ =

ωµ χ1µ χ
2
µ
χ¯1µ
χ¯2µ
0 iAµ
−iAµ 0
 , (2.11)
where we have so(2, 3) gauge field ωµ =
1
2ω
AB
µ MAB =
1
2ω
ab
µ Mab + ω
a5
µ Ma5 =
1
4ω
ab
µ σab −
1
2ω
a5
µ γa, a pair of Majorana vector-spinors χ
I
µ with components (χ
I
µ)α, and their Dirac-
adjoints χ¯Iµ = −(χIµ)TC−1 with components (χ¯Iµ)α = −(χIµ)β(C−1)βα (α = 1, 2, 3, 4).
Equivalently, we can expand Ωµ over the re-scaled basis {Mˆab, Pˆa, QˆIα, Tˆ }, but with a
different set of gauge fields {ω abµ , eaµ := 1αω a5µ , ψ¯Iµ := 1√α χ¯Iµ,Aµ := 1αAµ}, as
Ωµ =
1
2
ω abµ Mˆab + 1αω a5µ Pˆa + 1√α χ¯αµQˆα =

ωµ
√
αψ1µ
√
αψ2µ√
αψ¯1µ√
αψ¯2µ
0 iαAµ
−iαAµ 0
 , (2.12)
where we again have so(2, 3) gauge field ωµ =
1
4ω
ab
µ σab− α2 eaµγa, two independent Majorana
spinors ψIµ, and (dimensionless) U(1) vector potential Aµ. We will use this particular
representation because it makes WI contraction more transparent.
The two Majorana spinors, ψ1µ and ψ
2
µ, can be combined into an SO(2) doublet,
Ψµ =
(
ψ1µ
ψ2µ
)
. (2.13)
It can be readily confirmed that gauge supermatrix (2.12) satisfies the defining relation for
the elements of osp(4|2) superalgebra (C is the charge-conjugation matrix (2.5)),
ΩSTµ

C 0 0
0
0
1 0
0 1
+

C 0 0
0
0
1 0
0 1
Ωµ = 0 . (2.14)
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Field strength associated with AdS gauge field ωµ is
Fµν = ∂µων − ∂νωµ − i[ωµ, ων ] =
(
R abµν − (ω a5µ ω b5ν − ω b5µ ω a5ν )
)σab
4
− F a5µν
γa
2
, (2.15)
with (note that DLµ stands for the Lorentz SO(1, 3) covariant derivative)
R abµν = ∂µω
ab
ν − ∂νω abµ + ω aµ c ω cbν − ω aν c ω cbµ , (2.16)
F a5µν = D
L
µω
a5
ν −DLν ω a5µ . (2.17)
It was shown in the seventies that one can relate AdS gauge field theory to gravity (GR)
by identifying ω abµ with the Lorentz spin-connection, ω
a5
µ with the re-scaled vierbein field
αeaµ; vierbein is related to the metric tensor by ηabe
a
µe
b
ν = gµν and e = det(e
a
µ) =
√−g.
Consequently, R abµν can be identified with the curvature tensor, and F
a5
µν with re-scaled
torsion αT aµν . Therefore, in the AdS setting, we have a natural unification of vierbein and
spin-connection as components of a general SO(2, 3) gauge field; each transforms as a gauge
field and stands on equal footing. In order to establish this identification, one has to break
the original AdS gauge symmetry to the Lorentz SO(1, 3) gauge symmetry by introducing
an auxiliary field φ = φAΓA [30]. This field transforms in the adjoint representation of
SO(2, 3) and it is constrained by ηABφ
AφB = l2. We can now start with an action of
the Yang-Mills type, originally suggested by McDowell and Mansouri [28], invariant under
SO(2, 3) gauge transformations:
SAdS =
il
64πGN
Tr
∫
d4x εµνρσFµνFρσφ , (2.18)
where we have AdS covariant derivative in the adjoint representation,
Dµφ = ∂µφ− i[ωµ, φ] . (2.19)
We choose the physical gauge by setting φa = 0 and φ5 = l, and thus obtain:
SAdS |g.f. = − 1
16πGN
∫
d4x
(
e
(
R(e, ω)− 6/l2)+ l2
16
R abµν R
cd
ρσ ε
µνρσεabcd
)
, (2.20)
which is the standard GR action (written in the first order formalism) involving the
Einstein-Hilbert term, negative cosmological constant Λ = −3/l2 = −3α2, and the topo-
logical Gauss-Bonet term that can be omitted.
Therefore, we can write the SO(2, 3) field strength as
Fµν =
1
4
(
R abµν − α2(eaµebν − ebµeaν)
)
σab − α
2
T aµν γa , (2.21)
and we see that the vierbein and torsion terms vanish under WI contraction.
By generalization, we introduce Osp(4|2) field strength Fµν associated with the super-
connection Ωµ,
Fµν = ∂µΩν − ∂νΩµ − i[Ωµ,Ων ]
=

F˜µν
√
α(Dµψ1ν −Dνψ1µ)
√
α(Dµψ2ν −Dνψ2µ)√
α(Dµψ¯1ν −Dν ψ¯1µ)√
α(Dµψ¯2ν −Dν ψ¯2µ)
0 iαF˜µν
−iαF˜µν 0
 , (2.22)
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with extended AdS field strength F˜µν (summation over I = 1, 2 is implied)
F˜µν = Fµν − iα(ψIµψ¯Iν − ψIνψ¯Iµ) =
1
4
R˜ mnµν σmn −
α
2
T˜ mµν γm , (2.23)
involving extended curvature tensor R˜ mnµν and extended torsion T˜
m
µν , given by
R˜ mnµν := R
mn
µν − α2(emµ enν − enµemν )− iα(Ψ¯µσmnΨν) , (2.24)
T˜ mµν := T
m
µν + i(Ψ¯µγ
mΨν) . (2.25)
Electromagnetic field strength is also modified by a bilinear current term J(e),
F˜µν := Fµν − J(e)µν = ∂µAν − ∂νAµ − Ψ¯µiσ2Ψν . (2.26)
Note that Pauli matrix iσ2 mixes the two Majorana components in J(e).
In the fermionic sector of Fµν we introduced
Dµψ1ν := Dµψ1ν + αAµψ2ν , (2.27)
Dµψ2ν := Dµψ2ν − αAµψ1ν , (2.28)
where Dµ stands for SO(2, 3) covariant derivative. The fact that Majorana spinors ψ
1
µ and
ψ2ν are not charged is reflected in the manner in which they couple to the gauge field Aµ.
Using them, we can define two charged Dirac vector-spinors ψ±µ = ψ1µ± iψ2µ, related to each
other by C-conjugation, ψ−µ = ψc+µ = Cψ¯+Tµ , that do couple to Aµ in the right way. Using
the Pauli matrix iσ2 we can unify (2.27) and (2.28) as
DµΨν = (Dµ + αAµiσ2)Ψν =
(
DLµ +
iα
2
γµ + αAµiσ2
)
Ψν . (2.29)
Now consider an action, similar to the one defined in (2.18) for pure gravity, but now
appropriately generalized to be invariant under extended OSp(4|2) gauge transformations,
S42 = STr
∫
d4x εµνρσFµν(aI6×6 + bΦ2/l2)FρσΦ . (2.30)
The action is real and we introduced a pair of free parameters, a and b, that will by fixed
later. The first part of (2.30) is the quadratic Yang-Mills type of action, and the second
part (b-term) is necessary for having local SUSY after the symmetry braking.
Generalized auxiliary field Φ is given by a supermatrix (we now have two Majorana
spinors λ1 and λ2, and additional scalar fields π, m and σ), see also [45–47, 53],
Φ =

1
4π + iφ
aγaγ5 + φ
5γ5 λ1 λ2
−λ¯1
−λ¯2
π − σ m
m σ
 . (2.31)
In the physical gauge λ1 = λ2 = π = σ = m = φ
a = 0, and φ5 = l, yielding
Φ|g.f. =

lγ5 0 0
0
0
0 0
0 0
 . (2.32)
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Field strength Fµν and the auxiliary field transform in the adjoint representation of
OSp(4|2), with infinitesimal variations
δǫFµν = i[ǫ,Fµν ] , δǫΦ = i[ǫ,Φ] , (2.33)
for some osp(4|2)-valued gauge parameter ǫ given by a supermatrix
ǫ =

1
2ǫ
ABMAB ξ1 ξ2
ξ¯1
ξ¯2
0 iα
−iα 0
 . (2.34)
From (2.33) the invariance of the action (2.30) follows immediately.
After the gauge fixing, field Φ2/l2 that appears in the second term of (2.30) becomes
a projector that reduces any osp(4|2) supermatrix to its so(2, 3) sector, and the classical
OSp(4|2) gauge-invariant action (2.30) reduces to
S42|g.f. =
∫
d4x εµνρσ
(
(a+ b)il
4
R˜ mnµν R˜
rs
ρσ εmnrs − 4al(DµΨ¯νγ5DρΨσ)
)
. (2.35)
The term that is quadratic in the Lorentz SO(1, 3) covariant derivative DLµ can be trans-
formed by partial integration,∫
d4x εµνρσ(DLµ Ψ¯νγ5D
L
ρΨσ) =
1
16
∫
d4x εµνρσR mnµν (Ψ¯ρσ
rsΨσ)εmnrs , (2.36)
where we invoked the commutator of two Lorentz covariant derivatives
i[DLµ ,D
L
ν ]Ψσ =
1
4R
mn
µν σmnΨσ . (2.37)
Term of the same type appears in the first part of the action (2.35). These two contributions
have to cancel each other in order to have SUSY, and this implies the constraint b = −a/2.
Moreover, to obtain the correct normalization of the Einstein-Hilbert term, we set a =
il/32πGN = il/4κ
2, yielding
S42|g.f. = − 1
2κ2
∫
d4x
(
e
(
R(e, ω)− 6α2
)
+
1
16α2
R mnµν R
rs
ρσ ε
µνρσεmnrs (2.38)
+ εµνρσ
(
2Ψ¯µγ5γν(Dρ + αAρiσ2)Ψσ + iFµν(Ψ¯ργ5iσ2Ψσ)− i
2
(Ψ¯µiσ
2Ψν)(Ψ¯ργ5iσ
2Ψσ)
))
.
However, this is not the full N = 2 AdS4 SUGRA action. The gravity part is correct
(we can omit the topological Gauss-Bonet term) and we also get the correct kinetic term
for the gravitino doublet. There are also two bilinear source terms, electric and magnetic,
J(e)µν := Ψ¯µiσ2Ψν , J µν(m) := i2eεµνρσ(Ψ¯ργ5iσ2Ψσ) . (2.39)
But we are missing the contribution from the SO(2) part of the bosonic sector, in particular,
the kinetic term for U(1) gauge field Aµ. The reason for this defect can be traced back to the
specific form that the auxiliary field assumes in the physical gauge Φ|g.f. (2.32); it completely
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annihilates the SO(2) sector of any osp(4|2) supermatrix. To restore the missing terms, we
must introduce an additional action, supplementing (2.30). In [55], following the approach
of [57], we defined a classical action invariant under SO(2, 3)×U(1) gauge transformations
(∼bosonic sector of OSp(4|2)) that involves an additional auxiliary field f = 12fABMAB .
Its role is to produce the canonical kinetic term for U(1) gauge field in the absence of
Hodge dual operator (this is of course the crucial point, we are trying to construct a purely
geometrical action that does not involve the metric tensor gµν explicitly). This auxiliary
field f is a U(1)-neutral 0-form that takes values in so(2, 3) algebra, and it transforms in
the adjoint representation of SO(2, 3).
The way to proceed is to employ this auxiliary field method to include the modified U(1)
field strength F˜µν defined in (2.26). However, there seems to be no way to construct an
OSp(4|2) gauge invariant action that is compatible with this procedure. Therefore, we will
use an action, analogues to the one in [55], invariant under purely bosonic SO(2, 3)×U(1)
sector of OSp(4|2), involving the bosonic field strength f˜µν := F˜µν + κ−1F˜µν = F˜µν +
κ−1(Fµν − J(e)µν) of SO(2, 3) × U(1). The action is given by
SA = Tr
∫
d4x εµνρσ
(
c f f˜µνDρφDσφφ+ d f
2DµφDνφDρφDσφφ
)
+ c.c. (2.40)
Note that, by doing this, we lose the complete OSp(4|2) gauge invariance of the undeformed
action before the symmetry breaking. Nevertheless, we will obtain the correct action for
N = 2 SdS4 SUGRA in the physical gauge, and this is the only requirement that has to
be satisfied in order to perform NC deformation.
After calculating traces (see Appendix B) we obtain
SA =
∫
d4x εµνρσ
(
ic
2
fABF CDµν (Dρφ)
E(Dσφ)
FφG(ηFGεABCDE + 2ηADεBCEFG)
+ cκ−1fABF˜µν(Dρφ)E(Dσφ)FφGεABEFG
− id
2
fABfAB(Dµφ)
E(Dνφ)
F (Dρφ)
G(Dσφ)
HφRεEFGHR
)
+ c.c. (2.41)
We conclude that parameter c must be real, otherwise the second term, involving F˜µν ,
would be purely imaginary and would not contribute (and this term is the one that we need
to include). Therefore, assuming real c, the first term (involving gravitational quantities
like curvature tensor and torsion) becomes purely imaginary and vanishes after adding its
complex conjugate (c.c.). Also, d must be purely imaginary for the procedure to work.
Gauge fixing yields
SA|g.f. =
∫
d4x e
(
− 8lcκ−1fabF˜µνeaµebν + 24ild fABfAB
)
. (2.42)
By varying this gauge fixed action over fab and fa5 independently, we obtain algebraic equa-
tions of motion (EoMs) for the components fab and fa5 of the auxiliary field f , respectfully,
and they are given by
fab = − ic
6κd
F˜µνeµaeνb , fa5 = 0 . (2.43)
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Inserting them back into the action (2.42), we obtain
SA|g.f. = 2ilc
2
3κ2d
∫
d4x e F˜2 . (2.44)
To get the consistent normalization we set the prefactor to (8κ2)−1, yielding another con-
straint 16ilc2 = 3d for the parameters c and d. To make the connection with the results of
[55], we take c = 1/32l and d = i/192l, implying
fab = −κ−1F˜µνeµaeνb . (2.45)
Therefore, after imposing the physical gauge, the original bosonic action (2.40), invariant
under SO(2, 3) × U(1) gauge transformations, reduces to SO(1, 3) × U(1) gauge-invariant
action containing the canonical kinetic term for U(1) gauge field Aµ in curved space-time,
and two additional terms involving gravitino current J(e)µν = Ψ¯µiσ2Ψν ,
SA|g.f. = 1
4κ2
∫
d4x e F˜2 = 1
4κ2
∫
d4x e
(
F2 − 2F · J(e) + J 2(e)
)
. (2.46)
This is exactly the piece that was missing in (2.38). With this result in hand, we have
the complete classical N = 2 AdS4 SUGRA action [43, 44],
(S42 + SA)|g.f. = − 1
2κ2
∫
d4x e
(
R− 6α2 + 2e−1εµνρσΨ¯µγ5γν(Dρ + αAρiσ2)Ψσ
+ 2F · J(m) −J(e) · J(m) −
1
4
(
F2 + J 2(e) − 2F · J(e)
))
. (2.47)
The most important characteristics of this SUGRA model are the negative cosmological
constant Λ = −3α2 = −3/l2, and the fact that U(1) coupling strength is equal to the WI
contraction parameter α. Under WI contraction (α → 0) the N = 2 AdS4 SUGRA action
consistently reduces to the N = 2 Poincare´ SUGRA action.
In terms of charged Dirac vector-spinors ψ±µ = ψ1µ ± iψ2µ (actually, we can use only one
of them since they are related to each other by C-conjugation) the action becomes
(S42 + SA)|g.f. = − 1
2κ2
∫
d4x e
(
R(e, ω) − 6α2 + 2e−1εµνρσψ¯+µ γ5γν(Dρ − iαAρ)ψ+σ
+ 2F · J +(m) −J +(e) · J +(m) −
1
4
(
F2 − 2F · J+(e) + (J +(e))2
))
, (2.48)
with J+(e) = 12i(ψ¯+µ ψ+ν − ψ¯+ν ψ+µ ) and J +(m) = 14e(ψ¯+µ γ5ψ+ν − ψ¯+ν γ5ψ+µ ).
For later purpose, we note that action (2.48) contains a mass-like term for charged
gravitino (we absorb the parameter κ−1 into ψ+µ to obtain the canonical dimensions),
iα
∫
d4x e ψ¯+µ σ
µνψ+ν , (2.49)
with mass-like parameter equal to the WI contraction parameter.
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2.2 OSp(4|1) SUGRA
The OSp(4|1) supergroup has 14 generators; ten bosonic AdS generators MˆAB , and four
fermionic generators, Qˆα, comprising a single Majorana spinor (describing a single neutral
gravitino). Supermatrix for the OSp(4|1) gauge field Ωµ is given by
Ωµ =
(
ωµ
√
αψµ√
αψ¯µ 0
)
. (2.50)
Consider the following action invariant under OSp(4|1) gauge transformations [52],
S41 =
il
32πGN
STr
∫
d4x εµνρσFµν(I5×5 − 12l2Φ2)FρσΦ . (2.51)
Auxiliary field is
Φ =
(
1
4π + iφ
aγaγ5 + φ
5γ5 λ
−λ¯ π
)
g.f.
=
(
lγ5 0
0 0
)
. (2.52)
In the physical gauge, the OSp(4|1) gauge-invariant action (2.51) exactly reduces to N = 1
AdS4 SUGRA action [43, 44, 53],
S41|g.f. = − 1
2κ2
∫
d4x
(
e
(
R(e, ω)− 6/l2)+ 2εµνρσ(ψ¯µγ5γνDρψσ)
)
(2.53)
= − 1
2κ2
∫
d4x e
(
R(e, ω)− 6α2 + 2e−1εµνρσ(ψ¯µγ5γνDLρ ψσ)− 2iα(ψ¯µσµνψν)
)
.
It contains Einstein-Hilbert term with the negative cosmological constant Λ = −3/l2,
Rarita-Schwinger kinetic term for neutral gravitino, and a mass-like gravitino term that
is needed in the presence of the cosmological constant to insure the invariance under local
SUSY (gravitino actually remains massless). Topological Gauss-Bonet term is omitted.
Cosmological constant and the mass-like term vanish under WI contraction, yielding mini-
mal N = 1 Poincare´ SUGRA. Note that we do not need additional action terms in (2.51)
to obtain a consistent classical theory.
It is shown in [53] that linear (in θµν) NC correction to (2.51) vanishes, and that one has
to calculate the second order NC correction in order to see NC effects, which is exceedingly
difficult. In the following section, we use the Seiberg-Witten approach to NC gauge field
theories, to calculate linear NC correction to N = 2 AdS4 SUGRA, and conclude that it is
not equal to zero. The non-vanishing part comes from the additional bosonic action, SA.
3 NC deformation
Canonical deformation of the orthoymplectic action (2.30) is obtained by replacing ordinary
commutative field multiplication with Moyal ⋆-product, yielding an NC action (denoted by
“⋆”) manifestly invariant under NC-deformed OSp(4|2)⋆ gauge transformations,
S⋆42 =
il
32πGN
STr
∫
d4x εµνρσ
(
Fˆµν ⋆ Fˆρσ ⋆ Φˆ− 12l2 Fˆµν ⋆ Φˆ ⋆ Φˆ ⋆ Fˆρσ ⋆ Φˆ
)
. (3.1)
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Likewise, we have canonically deformed version of the bosonic action (2.40) with c = 1/32l
and d = i/192l,
S⋆A =
1
32l
Tr
∫
d4x εµνρσ
(
fˆ ⋆
ˆ˜
fµν ⋆ Dρφˆ ⋆ Dσφˆ ⋆ φˆ
+
i
6
fˆ ⋆ fˆ ⋆ Dµφˆ ⋆ Dν φˆ ⋆ Dρφˆ ⋆ Dσφˆ ⋆ φˆ
)
+ c.c. (3.2)
We denote NC fields by a “hat” symbol.
In the Seiberg-Witten approach [3, 34–37], NC gauge field theory is completely defined
by its commutative (classical) counterpart. For some non-Abelian gauge group G with
generators TA satisfying Lie algebra relations [TA, TB ] = if
C
A BTC , commutator of two
infinitesimal gauge transformations δǫ1 and δǫ2 closes in the algebra,
[δǫ1 , δǫ2 ] = δ−i[ǫ1,ǫ2] . (3.3)
There is, however, a difficulty, in general, concerning the closure axiom for NC gauge
transformations. Namely, for a given pair of NC gauge parameters Λˆ1 and Λˆ2 we would
like to find a third one, Λˆ3, such that
[δ⋆1
⋆, δ⋆2 ] = δ
⋆
3 . (3.4)
Now, if NC gauge parameter Λˆ is supposed to be Lie algebra-valued, Λˆ(x) = ΛˆA(x)TA,
then, for some generic NC field Ψˆ that transforms in the fundamental representation of the
gauge group (although the argument holds in any representation), we have
[δ⋆1
⋆, δ⋆2 ]Ψˆ = (Λˆ1 ⋆ Λˆ2 − Λˆ2 ⋆ Λˆ1) ⋆ Ψˆ
=
1
2
(
[ΛˆA1
⋆, ΛˆB2 ]{TA, TB}+ {ΛˆA1 ⋆, ΛˆB2 }[TA, TB ]
)
⋆ Ψˆ = iΛˆ3 ⋆ Ψˆ = δ
⋆
3Ψˆ . (3.5)
The NC closure rule
[δ⋆
Λˆ1
⋆, δ⋆
Λˆ2
] = δ⋆−i[Λˆ1⋆,Λˆ2] (3.6)
consistently generalizes its commutative counterpart.
However, (3.5) implies that commutator of two NC gauge transformations does not
generally close in the Lie algebra, because anti-commutator {TA, TB} does not in general
belong to this algebra (except for U(N) gauge group). To overcome this difficulty, we
will apply the universal enveloping algebra (UEA) approach. Enveloping algebra is ”large
enough” to ensure that closure property of NC gauge transformations holds, provided that
NC gauge parameter Λˆ is UEA-valued.
NC covariant derivative (for a generic gauge group G) in the fundamental representation is
defined by
DµΨˆ = ∂µΨˆ− iVˆµ ⋆ Ψˆ , (3.7)
where Vˆµ stands for the corresponding NC gauge field, and it transforms as
δ⋆ΛDµΨˆ = iΛˆ ⋆ DµΨˆ , (3.8)
implying
δ⋆ΛVˆµ = ∂µΛˆ + i[Λˆ
⋆, Vˆµ] . (3.9)
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Therefore, NC gauge field must also be UEA-valued and it can be represented in its basis.
But, UEA has an infinite basis, and it seems that by invoking it we actually introduced
an infinite number of new degrees of freedom (new fields) in the NC theory, rendering it
unrealistic. This problem is resolved by the Seiberg-Witten (SW) map [34–37]. Essen-
tially, we assume that classical gauge transformations induce the corresponding NC gauge
transformations,
δ⋆ΛVˆµ = Vˆµ(Vµ + δǫVµ)− Vˆµ(Vµ) . (3.10)
This allows us to represent every NC fields as a perturbation series in powers of the de-
formation parameter θµν with expansion coefficients built out of commutative fields, e.g.
Λˆǫ = ǫ+Λˆ
(1)+Λˆ(2)+.... At zeroth order, NC fields reduce to their undeformed counterparts.
For example, NC gauge parameter and potential can be represented as
Λˆǫ = ǫ− 1
4
θρσ{Vρ, ∂σǫ}+O(θ2) , (3.11)
Vˆµ = Vµ − 1
4
θρσ{Vρ, ∂σVµ + Fσµ}+O(θ2) . (3.12)
After these general considerations, we return to the NC action (3.1). Field strength Fˆµν
appearing in (3.1) is defined in terms of OSp(4, 2)⋆ gauge potential Ωˆµ as
Fˆµν = ∂µΩˆν − ∂νΩˆµ − i[Ωˆµ ⋆, Ωˆν ] . (3.13)
It transforms in the adjoint representation of OSp(4, 2)⋆ supergroup as well as the NC
auxiliary field Φˆ,
δ⋆ǫ Fˆµν = i[Λˆǫ
⋆, Fˆµν ] , δ
⋆
ǫ Φˆ = i[Λˆǫ
⋆, Φˆ] . (3.14)
At this point it would be tempting to proceed by directly imposing the physical gauge.
However, this operation would not yield an action with an appropriate symmetry because
gauge fixing does not commute with NC deformation. A bypass is provided by the SW
map. Representing NC fields in terms of commutative ones, as prescribed by the SW map,
we obtain a perturbative expansion of OSp(4|2)∗ gauge-invariant NC action (3.1) in powers
of the deformation parameter θµν . By construction, SW map ensures invariance of the
expansion under ordinary OSp(4|2) gauge transformations, order-by-order.
Now we present some relevant steps in the expansion procedure of the NC action (3.1).
Our goal is to calculate and analyze linear NC correction to the classical action (2.30).
According to the SW map, the first order NC corrections of the auxiliary field Φ and the
OSp(4|2) field strength Fµν are given by
Φˆ(1) = −1
4
θρσ{Ωρ, (∂σ + D̂σ)Φ} , (3.15)
Fˆ
(1)
µν = −
1
4
θρσ{Ωρ, (∂σ + D̂σ)Fµν}+ 1
2
θρσ{Fρµ,Fσν} , (3.16)
where D̂µ stands for the OSp(4|2) covariant derivative (associated to Ωµ).
Generally, for a pair of NC fields Aˆ and Bˆ, the linear NC correction to their product is(
Aˆ ⋆ Bˆ
)(1)
= Aˆ(1)B +ABˆ(1) +
i
2
θρσ∂ρA∂σB . (3.17)
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In particular, if both fields transform in the adjoint representation of OSp(4|2)⋆, we have(
Aˆ ⋆ Bˆ
)(1)
=− 1
4
θρσ{Ωρ, (∂σ + D̂σ)AB}+ i
2
θρσD̂ρAD̂σB
+ cov(Aˆ(1))B +Acov(Bˆ(1)) , (3.18)
where cov(Aˆ(1)) is the covariant part of A′s first order NC correction, and cov(Bˆ(1)), the
covariant part of B′s first order NC correction. Successive application of this rule gives us
the first order NC correction to the classical action (2.30):
S
(1)
42 =
ilθλτ
32πGN
STr
∫
d4x εµνρσ
(
− 1
4
{Fλτ ,FµνFρσ}Φ+ i
2
D̂λFµνD̂τFρσΦ
+
1
2
{Fλµ,Fτν}FρσΦ+ 1
2
Fµν{Fλρ,Fτσ}Φ
− 1
2l2
(
− 1
4
{Fλτ ,FµνΦ2}FρσΦ+ i
2
D̂λFµνD̂τΦ
2
FρσΦ
+
1
2
{Fλµ,Fτν}Φ2FρσΦ+ i
4
Fµν [D̂λΦ, D̂τΦ]FρσΦ
+
i
2
FµνΦ
2D̂λFρσD̂τΦ+
1
2
FµνΦ
2{Fλρ,Fτσ}Φ
))
. (3.19)
This linear NC correction is real and invariant under OSp(4, 2) gauge transformations.
However, a careful examination shows that after the gauge fixing it vanishes completely,
S
(1)
42 |g.f. = 0 . (3.20)
But we still have the additional NC action S⋆A invariant under purely bosonic NC-deformed
SO(2, 3)⋆ × U(1)⋆ gauge transformations. The only additional SW expansion we need is
that of fˆ , namely
fˆ = f − 1
4
θρσ{Ωρ, (∂σ +Dσ)f}+O(θ2) . (3.21)
The first order NC correction to (3.2) before gauge fixing is given by
S
(1)
A =S
(1)
Af + S
(1)
Aff
=− θ
λτ
64l
Tr
∫
d4x εµνρσ
(
− ifDλf˜µνDτ (DρφDσφφ) + 1
2
{f˜λτ , f}f˜µνDρφDσφφ
− f{f˜λµ, f˜τν}DρφDσφφ− if f˜µνDλ(DρφDσφ)Dτφ
− if f˜µν(DλDρφ)(DτDσφ)φ− f f˜µν{{f˜λρ,Dτφ},Dσφ}φ
+
i
3!
(
1
2
{f˜λτ , f2}DµφDνφDρφDσφφ− f2{[{f˜λµ,Dτφ},Dνφ],DρφDσφ}φ
− if2
(
Dλ(DµφDνφDρφDσφ)Dτφ+Dλ(DµφDνφDρφ)(DτDσφ)φ
+Dλ(DµφDνφ)(DτDρφ))Dσφφ+ (DλDµφ)(DτDνφ)DρφDσφφ
)))
+ c.c. (3.22)
where we can distinguish the linear f -part and the quadratic f2-part, and all terms are
manifestly SO(2, 3) × U(1) invariant by the virtue of SW map.
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After calculating traces and evaluating the gauge-fixed action S
(1)
A |g.f. on the EoMs
of the components of the auxiliary field f (as it turns out, to obtain the first order NC
correction, we only need to insert zeroth order (classical) EoMs (2.43) in the gauge-fixed
first order NC action S
(1)
A |g.f.), we obtain
S
(1)
A,EoM |g.f. =
6∑
j=1
S
(1)
A,EoMf.j|g.f. + S(1)A,EoMff |g.f. , (3.23)
with the individual terms:
S
(1)
A,EoMf.1|g.f. = −
θλτ
64κ
∫
d4x e
{
F˜µνRµνab
(
R abλτ −
2
l2
eaλe
b
τ
)
+ F˜ρσeaρebσ
(
RµνabR
cd
λτ e
µ
c e
ν
d −
2
l2
Rλτab
)
+ 4F˜ρµecρ
(
RµνacR
ab
λτ e
ν
b +
2
l2
Rµλace
a
τ
)
+ F˜ρσeρaeσbR abλτ
(
R mnµν e
µ
me
ν
n −
12
l2
)
+
2
l2
F˜µνT aλτ
(
Tµνa − 2Tρνmeρaemµ
)
− 2
l2
F˜λτ
(
R mnµν e
µ
me
ν
n −
12
l2
− 4 l
2
κ2
F˜µνF˜µν
)}
, (3.24)
S
(1)
A,EoMf.2|g.f. = −
θλτ
8κ
∫
d4x e
{
+ (DLλR
mc
µν )(D
L
τ e
r
ρ)e
σ
c
(
eνm(F˜ µσ eρr − F˜ ρσ eµr ) + F˜ νσ eµr eρm
)
− 1
l2
F˜ µρ eρc
(
DLλT
c
τµ − eλbR bcτµ
)− 4
l2
F˜ µν (DLλ erρ)(DLτ emµ )eνmeρr
− 1
l2
(DLλ e
r
ρ)e
ρ
r
(
eνc F˜ µτ T cµν − eνc F˜ µν T cµτ
)
+
1
2l2
T rλτ T
c
µν F˜ νσ eσc eµr
+
1
l2
(DLλ e
r
ρ)e
ν
r
(
T mµν
(F˜ µτ eρm − F˜ ρτ eµm)+ T mτν F˜ ρµ eµm)
+
2
l2
F˜ ρσ eσc (DLλ erρ)(DLτ ecν)eνr +
1
l4
F˜λτ
}
, (3.25)
S
(1)
A,EoMf.3|g.f. =
θλτ
32κ
∫
d4x e
{
− F˜µνRλνam
(
R amτµ −
4
l2
eaτe
m
µ
)
+ F˜ρσR amλµ R bnτν
(
eµae
ν
me
ρ
be
σ
n + e
ρ
ae
σ
me
µ
b e
ν
n + 2e
ρ
ne
σ
m(e
µ
ae
ν
b − eνaeµb )
)
− 2
l2
eρne
σ
b
(
2F˜λρR bnτσ + F˜ρσR bnλτ
)
+
2
l2
F˜µνT aλµ Tτνa +
8
κ2
F˜µνF˜λµF˜τν
}
, (3.26)
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(
S
(1)
A,EoMf.4|g.f. + S
(1)
A,EoMf.5|g.f.
)
= − θ
λτ
32κ
∫
d4x e
{
+R abµν (D
L
λ e
m
ρ )(D
L
τ eσm)
(
F˜µνeρaeσb + F˜ρσeµaeνb − 4F˜µρeνaeσb
)
− 1
l2
R abµν
(F˜µνeλaeτb + F˜λτ eµaeνb − 4F˜µλeνaeτb)− 1l2 F˜µνηmn(DLλ emµ )(DLτ enν )
+
2
l2
T aµν (D
L
λ e
b
ρ)
(
F˜µν(2eρaeτb − eρbeτa) + 2F˜ µτ (eρaeνb − eρbeνa)
+ 2F˜ρµ(2eνaeτb − eνb eτa) + 2F˜ρτeµaeνb
)
− 2
l2
F˜ρµTµνcT dλτ ecρeνd
+
4
l2
Tλνa(D
L
τ e
d
ρ)e
a
σ
(F˜σνeρd − F˜σρeνd)− 4l2R cλν aeaρ(F˜ρνeτc − F˜ρτ eνc)− 6l4 F˜λτ
}
, (3.27)
S
(1)
A,EoMf.6|g.f. =
θλτ
32κ
∫
d4x e
{
F˜ρσeaρebσeµmeνn
(
R mnλτ Rµνab − 2R mnλµ Rτνab
)
+
8
κ2
(F˜λτ F˜2 − 2F˜µν F˜λµF˜τν)+ 2
l2
F˜µνeaµebνRλτab +
4
l2
F˜λνǫνaeρbR abτρ
− 4
l2
F˜µνeaνeρb
(
TρµaT
b
λτ − TµλaT bτρ − TλρaT bτµ
)− 8
l4
F˜λτ
}
, (3.28)
And finally, the f2-term,
S
(1)
A,EoMff |g.f. = −
θλτ
16κ3
∫
d4x e F˜λτ F˜2 . (3.29)
Action (3.23) represents the first order NC correction to N = 2 AdS4 SUGRA. It involves
various new couplings between U(1) gauge field, gravity and gravitini fields that appear
due to space-time noncommutativity. As it stands, this action seems too complicated to be
analyzed in its entirety. However, we can restrict ourselves to some particular domain of
parameters and work with an approximated NC action. In particular, we will derive a low-
energy approximation of (3.23), by taking into account terms at most quadratic in partial
derivative. Therefore, we include only terms linear in curvature, and linear and quadratic
in torsion. Additionally, we assume that spin connection ω abµ and the first order derivatives
of vierbeins are of the same order. Note also that the torsion constraint T˜ aµν = 0 (2.25)
gives us T aµν = −iΨµγaΨν . These assumptions yield a very simple action,
S
(1)
low-energy = −
9θµν
16l4κ
∫
d4x e F˜µν = − 9θ
µν
16l4κ
∫
d4x e (Fµν − Ψ¯µiσ2Ψν)
=
9θµν
16l4κ
∫
d4x e (ψ¯1µψ
2
ν − ψ¯2µψ1ν) + surface term
= − 9
8l4κ
∫
d4x e (ψ¯+µ iΘ
µνψ+ν ) + surface term . (3.30)
This mass-like term for charged gravitino ψ+µ , minimally coupled to gravity, appears due
to space-time noncommutativity, and “renormalizes” the corresponding term (2.49) in the
classical SUGRA action (2.48). If we again absorb κ−1 in ψ+µ to obtain the canonical
dimensions, the mass-like parameter is ∼ lPΛ2NC/l4, and it vanishes under WI contraction.
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After WI contraction, the action (3.23) reduces to
SA|g.f. WI= − θ
λτ
64κ
∫
d4x e
{
F˜µνRµνρσR ρσλτ − F˜µνRρσµνR ρσλτ − 4F˜µρRµνρσR νσλτ
− 2F˜µνR ρσλµ Rτνρσ + 8F˜ρσR µρλµ R νστν + F˜µνR µνλτ R−
4
κ2
F˜λτ F˜2 + 16
κ2
F˜µνF˜λµF˜τν
+ 8(DLλR
mc
µν )(D
L
τ e
r
ρ)e
σ
c
(
F˜ µσ eνmeρr − F˜ ρσ eµr eνm + F˜ νσ eµr eρm
)
+ 2R abµν ηrs(D
L
λ e
r
ρ)(D
L
τ e
s
σ)
(
F˜µνeρaeσb + F˜ρσeµaeνb − 4F˜µρeνaeσb
)}
. (3.31)
At this point we are confronted with an interesting question. The fact that N = 2 AdS4 su-
peralgebra contracts to N = 2 Poinacare´ superalgebra when l→∞ is consistently reflected
on the level of classical (undeformed) action (2.47); classical N = 2 AdS4 SUGRA reduces
to classical N = 2 Poincare´ SUGRA under WI contraction. However, it is not a priori clear
whether this relation holds after NC deformation, that is, whether NC deformation and WI
contraction actually commute. For that matter, one would have to explicitly compute the
NC correction to classical N = 2 Poincare´ SUGRA and compare it to the action (3.31).
4 Discussion and Outlook
Let us emphasize the main points of this paper and propose some further paths of investi-
gation. At this stage, our primary goal was to obtain explicit NC correction to N = 2 AdS
SUGRA in D = 4. We stared from a classical (undeformed) action (2.30) of the Yang-Mills
type (already advocated in the literature), invariant under orthosymplectic OSp(4|2) gauge
transformations. However, this action alone is not enough to obtain N = 2 AdS4 SUGRA
after fixing the gauge (for which we use a constrained auxiliary field). In particular, one
has to add a supplementary action (2.40) endowed with SO(2, 3) × U(1) gauge symmetry
(bosonic sector of OSp(4|2)) that provides the missing terms in the classical SUGRA action
(e.g. the kinetic term for U(1) gauge field). Therefore, we have the following schema:
(OSp(4|2) invariant action) + (SO(2, 3) × U(1) invariant action)
g.f.
y
y g.f.
(SO(1, 3) × U(1) invariant action) + (SO(1, 3) × U(1) invariant action)
︸ ︷︷ ︸
N=2 AdS SUGRA in D=4
This situation seems curious considering that a similar OSp(4|1) gauge-invariant action
(2.51) in the same gauge reduces to the complete N = 1 AdS4 SUGRA action. We may
conclude that extended N > 1 AdS4 SUGRA cannot be obtained simply by gauging the
corresponding orthosymplectic group OSp(4|N) and subsequently fixing the gauge. For
N > 1 we would have to include an additional term similar to (2.40) that involves non-
Abelian Yang-Mills gauge field.
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NC deformation is performed following the Seiberg-Witten approach to NC gauge field
theory that involves universal enveloping algebra-valued gauge field and perturbative expan-
sion of the NC-deformed action in powers of the deformation parameter θµν . The expanded
action possesses gauge symmetry of the corresponding classical action, order-by-order, and
we focus only on the linear NC correction that remains after the gauge fixing. For the
OSp(4|2) gauge-invariant part, linear NC correction vanishes. The reason why this result
strikes us as curious is related to some previously establish facts about canonical NC defor-
mation of the similar models. Namely, canonical deformation of pure gravity, regarded as
a gauge theory of SO(2, 3) group, leads to quadratic NC correction [25, 26, 38]. However,
after including charged matter (Dirac spinors) coupled to U(1) gauge field, linear NC cor-
rection appears [54–56]. Since we can take a pair of Majorana vector-spinors of OSp(4|2)
SUGRA and form a pair of U(1)-charged Dirac vector-spinors, related to each other by
C-conjugation, we expected to obtain a non-vanishing first order NC correction from the
OSp(4|2) action (3.1), as well.
However, the supplementary bosonic action provides a non-trivial linear NC correction
that is calculated explicitly (3.23). It involves various new interaction terms that are
present due to space-time noncommutativity. The full action is difficult to analyze, but
we can restrict ourselves to the low-energy sector of the theory by taking into account
only terms that are at most quadratic in partial derivatives. This leaves us with a single
mass-like term for charged gravitino minimally coupled to gravity.
WI contraction eliminates many of these new interaction terms, but not all of them
(3.31). The ones remaining may help us understand the relation between the canonical NC
deformation and WI contraction, at least in this particular case. N = 2 AdS superalgebra
reduces to N = 2 Poincare´ superalgebra under WI contraction and the same holds for their
classical actions. Therefore, it may be the case that the same relation pertains even after
canonical NC deformation. To confirm this assumption directly, we have to calculate linear
NC correction to N = 2 Poincare´ SUGRA, and make the comparison.
Let us just mention that there are additional two terms with OSp(4|2) gauge symmetry
that we could include. We denote them by S′ and S′′ and they are given by
S′ =
a′
128πGN l
STr
∫
d4x εµνρσFµνD̂ρΦD̂σΦΦ+ c.c. ,
S′′ = − ia
′′
128πGN l3
STr
∫
d4x εµνρσD̂µΦD̂νΦD̂ρΦD̂σΦΦ ,
with free dimensionless parameters a′, a′′, and OSp(4|2) covariant derivative D̂µ. Their
SO(2, 3) gauge-invariant counterparts were analyzed in [26]. After gauge fixing, they modify
the coefficients in the classical action but do not introduce new terms. In particular,
they give us a freedom to eliminate the cosmological constant in the classical action. NC
deformation of S′ and S′′ will certainly change our final result, but their importance is not
yet clear. Analysis of these additional NC corrections remains to be done.
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5 Appendix A
Here we present an explicit 6×6 matrix representation ofOSp(4|2) generators {MˆAB , QˆIα, Tˆ}.
The AdS generators are the same as for OSp(4|1), but for OSp(4|2) we have an additional
set of fermionic generators (comprising another Majorana spinor) and additional bosonic
generator Tˆ of SO(2) ∼ U(1).
Bosonic generators of OSp(4|2):
MˆAB =

MAB
0
0
0
0
0
0
0
0
0 0 0 0 0 0
0 0 0 0 0 0

Tˆ =

04×4
0
0
0
0
0
0
0
0
0 0 0 0 0 i
0 0 0 0 −i 0

(5.1)
The imaginary unit in Tˆ is introduced for convenience.
Fermionic generators of OSp(4|2):
(Qˆ1)1 =

04×4
0
1
0
0
0
0
0
0
1 0 0 0 0 0
0 0 0 0 0 0

, (Qˆ1)2 =

04×4
−1
0
0
0
0
0
0
0
0 1 0 0 0 0
0 0 0 0 0 0

(5.2)
(Qˆ1)3 =

04×4
0
0
0
−1
0
0
0
0
0 0 1 0 0 0
0 0 0 0 0 0

(Qˆ1)4 =

04×4
0
0
1
0
0
0
0
0
0 0 0 1 0 0
0 0 0 0 0 0

(5.3)
The second set of fermionic generators (Qˆ2)α (α = 1, 2, 3, 4) is obtained from the first
one just by interchanging 5th and 6th column, and 5th and 6th row. One can readily check
that supermatrices (5.1), (5.2) and (5.3), along with the second set of fermionic generators,
satisfy the osp(4|2) superalgebra (2.4).
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6 Appendix B
Some basic Fierz identities involving Majorana spinors ψ and χ:
ψ¯χ = χ¯ψ = (ψ¯χ)†
ψ¯γ5χ = χ¯γ5ψ = −(ψ¯γ5χ)†
ψ¯γaγ5χ = χ¯γaγ5ψ = (ψ¯γaγ5χ)
†
ψ¯γaχ = −χ¯γaχ = −(ψ¯γaχ)†
ψ¯σabχ = −χ¯σabψ = −(ψ¯σabχ)† (6.1)
Also, we frequently use the following important identity, valid in 4D. For any pair of
Majorana spinors, ψ and χ, we can expand ψχ¯ in the Clifford algebra basis:
−4ψχ¯ = (χ¯ψ)I4 + (χ¯γaψ)γa + (χ¯γ5ψ)γ5 + (χ¯γaγ5ψ)γ5γa + 1
2
(χ¯σabψ)σab (6.2)
Some AdS algebra relations1:
[MAB ,MCD] = i(ηADMBC + ηBCMAD − ηACMBD − ηBDMAC)
{MAB ,MCD} = i
2
ǫABCDEΓ
E +
1
2
(ηACηBD − ηADηBC)
{MAB ,ΓC} = iǫABCDEMDE
[MAB ,ΓC ] = i(ηBCΓA − ηACΓB)
Γ†A = −γ0ΓAγ0 , M †AB = γ0MABγ0 (6.3)
Some useful identities involving γ-matrices and σ-matrices:
γaγb = ηab − iσab
σabγc = iηbcγa − iηacγb + εabcdγ5γd
γcσab = iηacγb − iηbcγa + εabcdγ5γd
σabγ5 =
i
2εabcdσ
cd
σabσcd = ηacηbd − ηadηbc + iεabcdγ5 + i(ηadσbc + ηbcσad − ηacσbd − ηbdσac) (6.4)
Identities with traces:
Tr(ΓAΓB) = 4ηAB
Tr(ΓA) = Tr(ΓAΓBΓC) = 0
Tr(ΓAΓBΓCΓD) = 4(ηABηCD − ηACηBD + ηADηCB)
Tr(ΓAΓBΓCΓDΓE) = −4iǫABCDE
Tr(MABMCDΓE) = iǫABCDE
Tr(MABMCD) = −ηADηCB + ηACηBD
Tr(MABΓEΓFΓG) = 2εABEFG
Tr(MABMCDΓEΓFΓG) = iεABCDEηFG − iεABCDF ηEG + iεABCDGηEF
+iεBCEFGηAD + iεADEFGηBC − iεBDEFGηAC − iεACEFGηBD (6.5)
1
ǫ
01235
= +1, ǫ
0123
= +1
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